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Abstract
A digraph obtained by replacing each edge of a complete n-partite graph by an arc or a pair
of mutually opposite arcs is called a semicomplete n-partite digraph. An n-partite tournament is
an orientation of a complete n-partite graph. If D is a strongly connected semicomplete n-partite
digraph, then we prove that every arc of D which belongs to a directed cycle of length at least
3, is contained in a directed path of order (n+3)=2. Consequently, every arc of a strongly con-
nected n-partite tournament is contained in a directed path with (n+3)=2 vertices. This bound
is new even for tournaments. If in addition, every partite set consists of at least two vertices,
then we even have the slightly better lower bound (n + 5)=2. Various families of examples
will show that these results are best possible. c© 2002 Elsevier Science B.V. All rights reserved.
Keywords: Semicomplete multipartite digraphs; Multipartite tournaments; Directed paths; Longest path
through an arc
1. Terminology and introduction
A digraph obtained by replacing each edge of a complete n-partite graph by an arc
or a pair of mutually opposite arcs is called a semicomplete n-partite or multipartite
digraph. If in such a digraph each partite set consists of a single vertex, then we speak
of a semicomplete digraph. An n-partite or multipartite tournament is an orientation
of a complete n-partite graph, and a tournament is an n-partite tournament with exactly
n vertices. The vertex set and the arc set of a digraph D are denoted by V (D) and
E(D), respectively. The number |V (D)| is called the order of the digraph D. If there
is an arc from x to y in D, then we say that x dominates y, denoted by x→y. Let A
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and B be two disjoint subsets of V (D). We use A→B to denote the fact that a→ b for
all a∈A and all b∈B. If A→B, and if in addition, there is no arc from B to A, then
we write A⇒B. Furthermore, if a→ b for all a∈A and b∈B which are in diAerent
partite sets of a semicomplete multipartite digraph, then we denote this by A❀B. The
outset N+(x) of a vertex x is the set of vertices dominated by x, and the inset N−(x)
is the set of vertices dominating x. For a vertex set A of D, we deBne D[A] as the
subdigraph induced by A. By a cycle (path) we mean a directed cycle (directed path).
A cycle or a path of order m is called an m-cycle or an m-path, respectively. A cycle
(path) of a digraph D is Hamiltonian if it includes all the vertices of D. A digraph D
is said to be strongly connected or just strong, if for every pair x; y of vertices of D,
there is a path from x to y. A strong component of D is a maximal induced strong
subdigraph of D. We speak of a connected digraph D, when the underlying graph of
D is connected. A digraph D is k-strongly connected if for any set S of at most k − 1
vertices, the subdigraph D−S is strong.
The investigation of paths and cycles in tournaments was initiated 1934 by RFedei’s
[7] theorem that each tournament has a Hamiltonian path. This implies immediately
that every vertex of a semicomplete n-partite digraph is contained in a path of order
n. The following example shows that this is no longer valid for every arc, even in
strongly connected semicomplete digraphs. Let x1; x2; : : : ; xn be the vertices of a tran-
sitive tournament T such that xi→ xj for 16i¡j6n. Then, in the strongly connected
semicomplete digraph D, obtained by adding the arc xnx1 to T , the longest path through
the arc x1xn in D only consists of the two vertices x1 and xn.
In this paper, we prove that every arc uv of a strongly connected semicomplete
n-partite digraph D which belongs to a cycle of length greater or equal to three, is
contained in a path of order (q+5)=2, where q is the number of (non-empty) partite
sets in D−{u; v}. Consequently, every arc of a strongly connected n-partite tournament
is contained in a path with (n+ 3)=2 vertices. There exist examples, some of them
are even tournaments, which have an arc, such that the longest path through this arc
is of order exactly (n+ 3)=2. Hence, the bound is sharp even for tournaments. If in
addition, every partite set consists of at least two vertices, then, obviously, we have
the slightly better lower bound (n+5)=2. Some families of examples will show that
also this result is best possible.
2. Preliminary results
Semicomplete multipartite digraphs are well studied, see e.g. [1,4,5,6,11,13]. In par-
ticular, Gutin presents in [5] a characterization of longest paths in semicomplete mul-
tipartite digraphs. Excellent sources for more information in this area are found in the
recent book by Bang-Jensen and Gutin [2].
The following results play an important role in our investigations.
Theorem 2.1 (Goddard and Oellermann [3]). If x is a vertex in a strongly connected
semicomplete n-partite digraph D, then x belongs to a cycle that contains vertices
from every partite set in D.
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Originally, Goddard and Oellermann have presented their result under the stronger
condition that D is a multipartite tournament. For a proof concerning the more general
case when D is a semicomplete multipartite digraph, we refer the reader to [10].
Theorem 2.2 (Tewes and Volkmann [8]). Let D be a non-strong semicomplete n-
partite digraph with the partite sets V1; V2; : : : ; Vn. Then there exists a unique decom-
position of V (D) into pairwise disjoint subsets X1; X2; : : : ; Xp, where Xi is the vertex
set of a strong component of D or Xi⊆Vt for some 16t6n such that Xi❀Xj, there
exist xi ∈Xi and xi+1 ∈Xi+1 such that xi→ xi+1, and there is no arc from Xj to Xi for
every 16i¡j6p.
The unique sequence X1; X2; : : : ; Xp of D in Theorem 2.2 is called the linear decom-
position of D.
Lemma 2.3. Let X1; X2; : : : ; Xp be the linear decomposition of a non-strong semicom-
plete n-partite digraph D with the partite sets V1; V2; : : : ; Vn. If x∈X1 (y∈Xp), then
there is a path in D which starts in x (or ends in y) and includes vertices from every
partite set.
Proof. We only deal with the case that x∈X1, because then the case y∈Xp follows
immediately by reversing all arcs of D.
We proceed the proof by induction on n, where the statement is obvious for n=2.
Now let n¿3 and assume that x belongs to the partite set Vt for 16t6n. Let D′ be
the semicomplete multipartite digraph D′=D−X1−Vt . If D′ is empty, then the result
follows from Theorem 2.1. Otherwise, by the induction hypothesis, there exists a path
P= u1u2 : : : ur in D′ that contains vertices from every partite set of D′. If X1⊆Vt , then
according to Theorem 2.2, the path xu1u2 : : : ur contains vertices from every partite set
of D. If X1 is a strong component with at least two vertices, then by Theorem 2.1,
the vertex x belongs to a cycle C = xc1c2 : : : ckx, which contains vertices from every
partite set in X1. If ck and u1 lie in the same partite set, then xc1c2 : : : cku2u3 : : : ur is
a desired path, and if ck and u1 are in diAerent partite sets, then xc1c2 : : : cku1u2 : : : ur
is a path, containing vertices from every partite set of D.
Theorem 2.4 (Volkmann [9]). Let V1; V2; : : : ; Vn be the partite sets of a semicomplete
n-partite digraph D. The longest path of D has order n if and only if there exists
a decomposition Y1; Y2; : : : ; Yp of V (D) into pairwise disjoint subsets such that Yi⇒Yj
for 16i¡j6p with Yi =Vj for some j∈{1; 2; : : : ; n} or D[Yi] is a strongly connected
semicomplete subdigraph with at least two vertices and the property that Yi ∩Vj = ∅
implies |Vj|=1.
A short and simple proof of Theorem 2.4 can be found in the habilitation thesis of
Guo [4].
Proposition 2.5 (Volkmann [10]). Let D be a strongly connected digraph containing
the arcs e1= uv and e2= vu. Then at least one of the digraphs D − e1 and D − e2 is
strong if and only if D − {e1; e2} is connected.
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Theorem 2.6 (Yeo [12]). Let D be a semicomplete n-partite digraph with the partite
sets V1; V2; : : : ; Vn such that |V1|6|V2|6 · · ·6|Vn|. If D is |Vn|-strongly connected, then
D is Hamiltonian.
3. Main results
Theorem 3.1. Let uv be an arc in a strongly connected semicomplete n-partite digraph
D, which lies on a cycle of length at least three. If D−{u; v} contains q partite sets,
then the arc uv is contained in a path of order (q+ 5)=2.
Proof. Let D′=D − {u; v}. Since the arc uv lies on a cycle of length at least three,
there exists a vertex x∈V (D′) such that v→ x.
First, assume that D′ is strong. In the case where V (D′)= {x} we are done. Other-
wise, in view of Theorem 2.1, the vertex x belongs to a cycle xx2x3 : : : xsx of D′ with
s¿q. Thus, uvxx2x3 : : : xs is a path of order s+ 2¿q+ 2¿(q+ 5)=2, containing the
arc uv.
Second, assume that D′ is not strong. If X1; X2; : : : ; Xp is the linear decomposition of
D′, then let k ∈{1; 2; : : : ; p} be the minimum integer with the property that there is an
arc from v to Xk , say v→y with y∈Xk . Next we deBne the sets A=X1 ∪X2∪· · ·∪Xk−1
and B=Xk ∪Xk+1 ∪ · · · ∪ Xp. As there is a cycle of length at least three through the
arc uv, there also exists a vertex w∈B (w=y is possible) with w→ u. Now let a be
the number of partite sets in A∪{w} and let b be the number of partite sets in B.
According to Lemma 2.3, we can Bnd an a-path P in A∪{w} with the terminal vertex
w and a b-path Q in B with the initial vertex y. Note that Puv and uvQ are paths in
D through the arc uv, and that the sum of their orders is at least
(a+ 2) + (b+ 2)¿q+ 5;
since the partite set to which w belongs is counted twice. Consequently, one of the
two paths must have length at least (q+ 5)=2.
An example will show that Theorem 3.1 is not valid for each arc in a strongly
connected semicomplete multipartite digraph.
Example 3.2. Let V1= {u1; u2; : : : ; ut}, V2 = {v1; v2; : : : ; vt}, and V3; V4; : : : ; Vn be the par-
tite sets of a semicomplete n-partite digraph D such that V3; V4; : : : ; Vn form an arbitrary
semicomplete (n − 2)-partite digraph D∗, V1⇒V (D∗)⇒V2, V1→V2, and viui are the
only arcs from V2 to V1 for 16i6t. Then D is a strongly connected semicomplete
n-partite digraph with the property that the longest path through the arcs uivi in D has
only order two for all 16i6t.
From Theorem 3.1 we can immediately deduce the next two corollaries.
Corollary 3.3. If T is a strongly connected n-partite tournament, then every arc of
T is contained in a path of order (n+ 3)=2.
L. Volkmann /Discrete Mathematics 258 (2002) 331–337 335
Next we will show that the bound (n+3)=2 in Corollary 3.3 is best possible, even
for tournaments.
Example 3.4. Let U1; U2; : : : ; Um, V1; V2; : : : ; Vm+1, and the single vertices u and v be the
partite sets of the following strongly connected semicomplete (2m+3)-partite digraph D.
Let D1=D[U1 ∪U2∪· · ·∪Um] be a semicomplete m-partite digraph with a longest path
of order m as it is described in Theorem 2.4. Furthermore, let D2 be the semicomplete
(m+2)-partite digraph consisting of the partite sets V1; V2; : : : ; Vm+2 such that V1= {w},
Vm+2 = {v}, Vi⇒Vj for 16i¡j6m+1, (V2 ∪V3∪ · · ·∪Vm+1)⇒Vm+2, and w→ v→w.
Finally, we deBne D as the strongly connected semicomplete (2m+3)-partite digraph,
consisting of D1, D2 and u such that V (D1)⇒V (D2), u→ (V (D1)∪V (D2)), and wu
and vu are the only ars from V (D1)∪V (D2) to u. If y1y2 : : : ym is a longest path in
D1 and vi ∈Vi are arbitrary vertices for 26i6m+1, then it is straightforward to verify
that uvwv2 : : : vm+1 as well as y1y2 : : : ymwuv are both longest paths in D of order m+3
through the arc uv. Since D is (2m + 3)-partite, the order of these paths are exactly
(2m+ 3 + 3)=2=m+ 3.
If we delete the partite set U1 in D, then we obtain a semicomplete (2m+2)-partite
digraph with the longest path uvwv2 : : : vm+1 of order m+3= (2m+2+3)=2 through
the arc uv.
If we choose D1 as an m-partite tournament, and if we delete the arcs vu, uw, and wv,
then we arrive at a strongly connected (2m+3)-partite or (2m+2)-partite tournament
with a longest path of order m + 3 through the arc uv. If in addition, U1; U2; : : : ; Um,
V2; V3; : : : ; Vm+1 consist of a single vertex, then we have even a tournament with the
desired property.
These families of examples show that Corollary 3.3 is best possible for n odd as
well as for n even.
Corollary 3.5. If T is a strongly connected n-partite tournament such that there are
at least two vertices in each partite set, then every arc of T is contained in a path
of order (n+ 5)=2.
Next we shall present a family of examples which show the sharpness of Corollary
3.5 as well as of Theorem 3.1.
Example 3.6. Let U1; U2; : : : ; Um, V3; V4; : : : ; Vm+2, and U; V;W with |U |; |V |; |W |¿2 be
the partite sets of the following semicomplete (2m + 3)-partite digraph D. If u∈U ,
v∈V , and w∈W , then we deBne Um+1 =V − {v}, Um+2 =W−{w}, V1= {w}, and
V2 =U − {u}. Now let U1; U2; : : : ; Um+2 be the (m + 2)-partite tournament D1 such
that Ui⇒Uj for 16i¡j6m + 2. In addition, let D2 be the semicomplete (m + 3)-
partite digraph consisting of the partite sets V1; V2; : : : ; Vm+2 and v such that Vi⇒Vj for
16i¡j6m+ 2, (V2 ∪V3 ∪ · · · ∪ Vm+2)⇒ v, and w→ v→w.
Finally, we deBne D as the strongly connected semicomplete (2m+3)-partite digraph,
consisting of D1, D2 and u such that V (D1)❀V (D2), u❀ (V (D1)∪V (D2)), there is
no arc from D2 to D1, and wu and vu are the only arcs from V (D1)∪V (D2) to u. If
336 L. Volkmann /Discrete Mathematics 258 (2002) 331–337
yi ∈Ui and vj ∈Vj are arbitrary vertices for 16i6m+2 and 16j6m+2, respectively,
then it is straightforward to verify that uvwv2 : : : vm+2 as well as y1y2 : : : ym+1wuv are
both longest paths in D through the arc uv with m+ 4 vertices. Since D is (2m+ 3)-
partite, the order of these paths are exactly (2m+ 3 + 5)=2=m+ 4.
If we delete the partite set U1 in D, then we obtain a semicomplete (2m+2)-partite
digraph with the longest path uvwv2 : : : vm+2 of order m+4= (2m+2+5)=2 through
the arc uv.
If we delete the arcs vu, uw, and wv, then we arrive at a strongly connected (2m+3)-
partite or (2m+ 2)-partite tournament with the desired property.
These families of examples show that Theorem 3.1 and Corollary 3.5 are best pos-
sible for n odd as well as for n even and for arbitrarily large partite sets.
Corollary 3.7. Let uv be an arc in a strongly connected semicomplete n-partite di-
graph D. If D−{u; v} consists of q partite sets, then the arc uv or vu, when it exists,
is contained in a path of order (q+ 5)=2.
Proof. The statement is obvious for q61. Therefore, we shall assume now that q¿2.
In the case where there is no arc e2= vu, the arc e1= uv is contained in a cycle of
length at least three, and we are done in view of Theorem 3.1. Otherwise, by the
assumption q¿2, the digraph D− {e1; e2} is connected. According to Proposition 2.5,
at least one of the semicomplete n-partite digraphs D − e1 and D − e2 is strongly
connected. If, without loss of generality, D − e1 is strong, then e2= vu belongs to a
cycle of length at least three, and hence, by Theorem 3.1, the arc e2= vu is contained
in a path of order (q+ 5)=2.
Clearly, in special cases one can prove more. We now present some of such results
without proofs.
Theorem 3.8. Let D be a strongly connected n-partite semicomplete digraph with the
partite sets V1; V2; : : : ; Vn with n¿3. If there exists a 2-cycle u1u2u1 with u1 ∈V1 and
u2 ∈V2 such that the longest path through the arc u2u1 has order two, then all arcs
between Vi and Vj for 16i¡j6n, with the exception of the arcs from V2 to V1, are
contained in a path of order n. In addition, all arcs incident with u1 or u2, which are
distinct from the arc u2u1, belong also to an n-path.
Corollary 3.9. Let D be a strongly connected semicomplete digraph. If there exists
a 2-cycle u1u2u1 such that the longest path through the arc u2u1 has order two, then
all other arcs of D are contained in a Hamiltonian path.
Obviously, Corollary 3.9, and hence also Theorem 3.8, are best possible. There exist
further interesting extremal situations. For example, similarly to the proof of Theorem
3.8, one can show the next result.
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Theorem 3.10. Let D be a strongly connected semicomplete digraph. If the longest
path through an arc uv has order three, then every other arc of D is contained in a
Hamiltonian path.
If D is a highly connected semicomplete multipartite digraph, then, clearly, one can
Bnd longer paths through every arc. As an example of such a result we present the
following theorem, which follows directly from Theorem 2.6.
Observation 3.11. Let V1; V2; : : : ; Vn be the partite sets of a semicomplete n-partite di-
graph D such that |V1|6|V2|6 · · ·6|Vn|. If D is (|Vn| + 1)-strongly connected, then
every arc is contained in a Hamiltonian path.
The last observation leads us to the following problems.
Problem 3.12. Determine other suNcient conditions for semicomplete multipartite di-
graphs such that every arc is contained in a Hamiltonian path.
Problem 3.13. Characterize all semicomplete multipartite digraphs, in which every arc
belongs to a Hamiltonian path.
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